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Abstract
We present a simple remark that assures that the invariant theory of certain real Lie
groups coincides with that of the underlying affine, algebraic R-groups. In particular,
this result applies to the non-compact orthogonal or symplectic Lie groups.
Introduction
Let (E, g) be an n-dimensional real vector space endowed with a non-singular metric of
signature (p, q) and let us consider the group Op,q of linear isometries. To develop the theory
of invariants for this group, it is usually considered in the literature as an affine algebraic
R-group, and hence algebraic techniques are employed ([3], [8], [9]).
Nevertheless, this group also has the structure of a real Lie group. Recently, both the
first and second main theorems for this group Op,q have been widely used in the realm of
natural operations in pseudo-Riemannian geometry ([1], [2], [6], [7]) or in the construction
of moduli spaces of jets ([4], [5]). In these settings, the point of view is that of Differential
Geometry; therefore, Op,q is understood as a real Lie group and, in principle, it is not clear
why the invariants in the “differentiable” sense of this non-compact and non-connected Lie
group should coincide with those invariants computed in the “algebraic” sense, where the
action of the affine R-group encodes information, not only of real points, but also of complex
ones.
For these reasons, several authors have answered this question in the particular case of
the orthogonal group, by giving proofs ad hoc which confirm that the invariants of the affine
R-group Op,q coincide with those of the corresponding Lie group ([1], [2]).
The purpose of this note is to present a simple argument that generalizes this fact to any
affine, algebraic R-group and its corresponding real Lie group.
1
To be more precise, if G = SpecA is an affine R-group, its set of rational points G(R)
has a natural structure of real Lie group. For any linear representation E of G, the vector
space of invariant vectors EG is, in general, a subspace of the space of invariant vectors
EG(R) under the action of the Lie group of rational points. The key observation is that, under
mild assumptions, the set of rational points G(R) is Zariski dense in G (Lemma 2.1); using
this, it readily follows the isomorphism EG = EG(R) (Corollary 2.2) and, more generally, an
equivalence of categories Rep(G) ≡ Repalg(G(R)) (Corollary 2.3).
1 Definitions
Let G be a real Lie group.
Definition 1.1. A linear representation of G consists on a real vector space E of finite
dimension, together with a morphism of real Lie groups
ρ : G −→ Gl(E) ,
where Gl(E) is the real Lie group of all linear automorphisms of E .
A vector v ∈ V is invariant under the action of G (or G-invariant) if the smooth map
G −→ E, g 7−→ ρ(g)(v) , is the constant map v.
Let G = SpecA be an affine group over R; that is, A is a finitely generated Hopf
R-algebra. The corresponding notions of linear representation and invariant vector for an
algebraic group are the following:
Definition 1.2. A linear representation of G = SpecA consists on a finite dimensional
R-vector space E , together with a morphism of algebraic groups
ρ : G −→ Gl(E) ,
where Gl(E) = SpecR[xij ]det is the affine R-group of linear automorphisms of E ; that is to
say, with a morphism of Hopf R-algebras ρ∗ : R[xij ]det −→ A.
A vector v ∈ E is G-invariant if the algebraic morphism G → E, g 7→ ρ(g)(v) , is the
constant map v.
Both definitions are related, because any affine R-group G is a smooth variety and hence
its set of rational points G(R) has a canonical structure of Lie group.
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Let (E, ρ) be a linear representation of G. The algebraic morphism ρ maps real points
to real points, so it restricts to a linear representation of the Lie group G(R):
G ⊃ G(R)
ρ
−−−−→ Gl(E) ⊂ Gl(E) .
Also, let us consider the vector space EG of G-invariant vectors and the vector space
EG(R) of vectors invariant under the action of the Lie group G(R):
EG(R) = { v ∈ E : ρ(g)(v) = v , for all g ∈ G(R) } .
Observe the inclusion EG ⊆ EG(R). In general, for example when considering Lie groups
with imaginary connected components such as µ3 = SpecR[x]/(x
3−1) , these spaces may not
coincide.
2 Rational points of affine R-groups
Let X = SpecA be a smooth affine algebraic variety over R; that is, A is a finitely genera-
ted R-algebra whose local rings are regular. We assume that X has no imaginary connected
components, so that each connected component has, at least, one rational point.
Let X(R) denote the set of rational points of X . As X is smooth, X(R) has a canonical
structure of smooth manifold of the same dimension as X . This fact allows to prove the
following:
Lemma 2.1. The set of rational points X(R) is Zariski dense in X.
Proof: We can suppose that X is connected; X being also smooth, we can assume A to be
an integral domain.
We will proceed by induction on the dimension of X .
If X is one-dimensional, the zero-set of any non-zero algebraic function f ∈ A is finite;
as X(R) is a smooth manifold of dimension one, its cardinal is infinite and hence it is Zariski
dense.
Now, let us finish by proving the induction step. Given a certain function f ∈ A vanishing
on the set of rational points, we wish to prove that f vanishes on the whole n-dimensional
X .
Let x ∈ X(R) be a rational point and let mx = {f ∈ A : f(x) = 0} . Since A is integral,
the localization map A →֒ Ax , where Ax is the local ring on x —that is, the localization of
A by the multiplicative system A \mx—, is injective, so it suffices to obtain f = 0 in Ax .
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Since Ax is a regular local ring, for any function h ∈ mx ⊂ A with non-zero differential
h¯ ∈ mx/m
2
x , the quotient Ax/(h) is also regular, therefore integral, so that (h) is a prime
ideal in Ax . Moreover, this function defines a hypersurface {h = 0} = SpecA/(h) that is
smooth in a certain connected neighbourhood U ∩ {h = 0} of x. As f vanishes on the
rational points of this neighbourhood, the induction hypothesis implies f ∈ (h) ⊂ Ax .
Thus, if we choose functions h1, h2, . . . ∈ mx with non-proportional differentials, since all
the ideals (hi) are prime in Ax, we can write f = h1f1 = h1h2f2 = . . . ; hence f ∈ m
i
x for
all i ∈ N, and it follows that f = 0 in Ax.

Corollary 2.2. Let G = SpecA be an affine algebraic R-group without imaginary connected
components. For any linear representation (E, ρ) of G, the inclusion EG ⊆ EG(R) is in fact
an isomorphism of vector spaces:
EG = EG(R) .
Proof: Let v ∈ EG(R). The algebraic morphism
G −→ E , g 7−→ ρ(g)(v)
is constant along G(R). As G(R) is Zariski dense on G (Lemma 2.1), the above map is
constant on all G, and hence v belongs to EG.

In particular, if (E, ρ) is a linear representation of G = SpecA, then its algebra of poly-
nomial functions A := S•E∗ is also a linear representation of G. The argument above says
that the inclusion AG ⊆ AG(R) is in fact an isomorphism of vector spaces, and hence also an
isomorphism of R-algebras.
More generally, we can consider the category Rep(G) of linear representations of the affine
R-group G = SpecA, and the category Repalg(G(R)) of algebraic linear representations of
the Lie group of its rational points G(R).
Simple arguments, following the lines of those exposed above, allow to prove:
Corollary 2.3. Let G = SpecA be an affine algebraic R-group without imaginary connected
components. There exists an equivalence of categories:
Rep(G) ≡ Repalg(G(R)) .
This corollay is not true if we do not consider algebraic representations: as an example,
the action of Gl1 on R
2 given by:
λ · (e1, e2) := (e1, e2 + (ln |λ|)e1)
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is not semisimple: the second projection p2 : 0 ⊕ R → R, (0, e2) 7→ e2, is a Gl1-equivariant
map that cannot be extended to a Gl1-equivariant map R
2 → R .
Example: main theorems in the category of real Lie groups
Let (E, g) be an R-vector space of finite dimension n, endowed with a non-singular metric g
of signature (n+, n−). Let Og denote the (non-compact) real Lie group of its linear isometries
(E, g)→ (E, g).
Our goal here is to describe the algebra Agm of polynomial functions on m vectors
f : E× m. . . ×E −→ R
which are invariant under the action of Og, i.e., satisfying f(g · v) = f(v), for all g ∈ G,
v ∈ E. In order to do so, let us consider the following functions yij , for 1 ≤ i ≤ j ≤ m:
yij : E× m. . . ×E −→ R , yij(e1, . . . , em) := g(ei, ej) .
If m > n, these functions have relations because the following identities hold:
∣
∣
∣
∣
∣
∣
∣
yi0j0 . . . yi0jn
...
...
yinj0 . . . yinjn
∣
∣
∣
∣
∣
∣
∣
(e1, . . . , em) = (ei0 ∧ . . . ∧ ein) · (ej0 ∧ . . . ∧ ejn) = 0 · 0 = 0 ,
where · denotes the metric induced by g on the corresponding tensors.
Theorem 2.4. The algebra Agm of Og-invariant polynomial functions on E×
m. . . ×E is gen-
erated by the functions yij, with 1 ≤ i ≤ j ≤ m.
Moreover, let Yij be free symmetric variables. The map Yij 7→ yij induces a canonical
isomorphism
R[Yij]/Jn+1 A
g
m ,
where Jn+1 is the ideal generated by the functions:
J j0...jni0...in =
∣
∣
∣
∣
∣
∣
∣
Yi0j0 . . . Yi0jn
...
...
Yinj0 . . . Yinjn
∣
∣
∣
∣
∣
∣
∣
, for any
1 ≤ i0 < . . . < in ≤ m
1 ≤ j0 < . . . < jn ≤ m
.
In particular, if m ≤ n, these functions yij are algebraically independent.
Proof: The parragraph following Corollary 2.2 allows to reduce the proof of this theorem to
the corresponding statement for the algebraic orthogonal group, that is well known (cfr., for
5
example, [9] Thm. 2.17).

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